Abstract. Several recent papers investigated unbounded and statistical versions of order convergence and topology convergence in locally solid Riesz space. In this papers, we study the statistical unbounded order and topology convergence in Riesz spaces and Banach lattices. In particular, we study the relationship of those convergence and characterize order continuous, KB, reflexive Banach lattices in terms of these convergence.
introduction
One of the fundamental concepts in the study of Riesz spaces is the order convergence, which leads to the concept of order continuity. The order convergence in a Riesz space does not necessarily correspond to a topology in the sense that order and topologically convergent nets or sequences are the same. The book by [1, 2] presents a good and detailed investigation of this material. And for more details of Banach lattices , we can read [3, 4] . Statistical order convergence and statistical norm(weak) convergence will be the basic tool of our study in [11, 12] .
The unbounded convergence has study in [5] [6] [7] [8] [9] [10] 13] , it is different on order unbounded sets with common convergence. Now, we study the convergence by unbounded and statistical versions. We can outline our work as follows. In Section 2, some preliminary definitions related to Riesz spaces and statistical unbounded convergence are presented to make the paper complete. In Section 3, the concepts of statistical unbounded order convergence in a Riesz space are introduced, and some main results are obtained. In Section 4, we introduce the concept of statistically unbounded norm convergence and statistical unbounded absolute weak convergence in Banach lattices and research those convergence with some Banach lattices.
preliminaries
Let E be a Riesz space. A sequence (x n ) in E is said to be increasing if x 1 ≤ x 2 ≤ ..., and decreasing if x 1 ≤ x 2 ≤ ... This is denoted by x n ↑ or x n ↓ respectively. We will call a sequence which is increasing or decreasing as monotonic. If x n ↑ and sup x n = x exists in E, we write x n ↑ x. Similarly, if x n ↓ and inf x n = x exists, we write x n ↓ x. If x n ↑ x or x n ↓ x, we say that (x n ) converges monotonely to x as n → ∞.
A sequence (x n ) in E is said to converge in order to x if there exists a sequence p n ↓ 0 such that |x n − x| ≤ p n holds for all n. In this case we will write x n o − → x. Note that monotone convergence is a particular case of convergence in order (order convergence).
A sequence (x n ) in E is said to be order bounded if there exists an order interval [x, y] such that x ≤ x n ≤ y for all n ∈ N.
A sequence (x n ) in Riesz space E is unbounded order convergent(uoconvergent for short) to x if |x n −x| ∧u o − → 0 for all u ∈ E + . A sequence (x n ) in Banach lattice E is unbounded norm convergent(un-convergent for short) to x if |x n − x| ∧ u . − → 0 for all u ∈ E + . A sequence (x n ) in Banach lattice E is unbounded absolute weak convergent(uawconvergent for short) to
Banach lattice E is called order continuous if inf{ x : x ∈ A} = 0 for every downwards directed system A ⊂ E such that inf(A) = 0. A Banach lattice E is called KB(Kanotorovich−Banach)-space, if every norm bounded monotone sequence is convergent. A Banach space E is called reflexive, if E = E ′′ . A element z ∈ E + is called an atom of the Riesz space E if the principal ideal E z is one-dimensional. A Banach lattice E is called atomic if it is the band generated by its atoms.
Let K be a set of positive integers. The natural density of K is defined by
where |k ∈ K : k ≤ n|denotes the number of elements of K not exceeding n.If δ(K) exists, then δ(K c ) = 1 − δ(K), where K c is the complement of the set K in N.
If (x n ) is a sequence such that (x n ) satisfies property P for all n except a set of natural density zero, then we say that (x n ) satisfies property P for almost all n and we abbreviate this by a.a.n.
A sequence (x n ) in E is statistically monotone increasing (in short, smi) if there exists a set K = {n 1 < n 2 < ...} ⊂ N such that δ(K) = 1 and (x n k ) is increasing. A statistically monotone decreasing (in short, smd) sequence is defined similarly. In this case, we write x n ↑ st and x n ↓ st , respectively. A smi or smd sequence will be called a statistically monotonic sequence. Let (x n ) be a sequence in E. If there exists a set K = {n 1 < n 2 < ...} ⊂ Nsuch that δ(K) = 1, (x n k ) is increasing and sup k∈N x n k = x for some x ∈ E, then we write x n ↑ st x.Similarly, if (x n k ) is decreasing and inf k∈N x n k = x, then we write
A sequence (x n ) in E is statistically order convergent to x ∈ E provided that there exists a sequence (p n ) such that p n ↓ st 0 and a set K = {n 1 < n 2 < ...} ⊂ Nwith δ(K) = 1 such that |x n − x| ≤ p n for every n ∈ K. In this case, we have δ{n ∈ N : |x n − x| p n } = 0, and we write x n st−ord − −−− → x. We call x the statistical order limit of (x n ). A sequence (x n ) in Banach space E is statistically norm convergent to x ∈ E provided that δ{n ∈ N : x n − x ≥ ǫ} = 0 for all ǫ > 0. We write x n st−norm − −−−− → x. We call x the statistical norm limit of (x n ). A sequence (x n ) in E is statistically weak convergent to x ∈ E provided that δ{n ∈ N : |f (x n − x)| ≥ ǫ} = 0 for all ǫ > 0, f ∈ E ′ . we write
We call x the statistical weak limit of (x n ).
statistical unbounded order convergence
Now, we study a new convergence in Riesz space.
Definition 3.1. A sequence (x n ) in E is statistically unbounded order convergent to x ∈ E provided that there exists a sequence (p n ) such that p n ↓ st 0 and a set K = {n 1 < n 2 < ...} ⊂ Nwith δ(K) = 1 such that |x n − x| ∧ u ≤ p n for every n ∈ K and u ∈ E + . In this case, we have δ{n ∈ N : |x n − x| ∧ u p n } = 0, and we write x n st−uo − −− → x. We call x the statistical unbounded order limit of (x n ). − −− → y. Then we can find sequences (p n ) and (q n ) such that p n ↓ st 0 and q n ↓ st 0, and a set K = {n 1 < n 2 < ...} with δ(K) = 1 such that
Thus, we get
for every k ∈ N and u ∈ E + , which shows that x = y; (2) and (3): obviously; (4): according to |x n |−|x| ∧u ≤ |x n −x|∧u, we have the conclusion;
In general, any subsequence of a convergent sequence is convergent, but it does not hold for st-uo-convergence.
, let (e n ) be the standard basis, and
e n , ortherwise.
Since (e n ) is disjoint sequence, by [7, corollary 3.6] , (x n ) is statistical unbounded order convergent to 0. But the subsequence (x k 2 ) does not.
Order convergence is statistical order convergence, similarily, uoconvergence implies st-uo-convergence, but the converse does not hold.
Example 3.4. In example 3.3, (x n ) is statistical unbounded order convergent to zero, but (x n ) is not uo-convergent. Question 3.5. In which conditions, the st-uo-convergence implies uoconvergence?
In fact, statistical unbounded order convergence is different with unbounded order convergence on a index set which has zero density. Lemma 3.6. Let E be a Riesz space and (x n ) be a sequence in E. Then (x n ) is statistically unbounded order convergent to x ∈ E if and only if there is another sequence (y n ) such that x n = y n for a.a.n and which is unbounded order convergent to the same limit x.
Proof. ⇒: According to definition.
⇐: Assume that x n = y n for a.a.n and y n uo − → x. Then there exists a sequence (p n ) ↓ 0 (hence p n ↓ st 0) and |y n − x| ∧ u ≤ p n for every u ∈ E + . Thus, we can write
Since y n uo − → x, the second set on the right side is empty. Hence we have δ{n ∈ N : |x n − x| ∧ u p n } = 0, i.e: x n st−uo
Proposition 3.7. If (x n ) is monotone, then uo-convergence and stuo-convergence agrees.
Proof. Assume that x n ↑ and x n st−uo
contradiction. And since we can find k i and j i such that
Similarily, st-ord-convergence implies st-uo-convergence, but the converse does not hold.
Example 3.8. In example 3.3, (x n ) is statistical unbounded order convergenct to zero, but (x n ) is not statistical order convergent. Question 3.9. In which condition, the st-uo-convergence implies stord-convergence?
For order bounded sequence, the st-uo-convergence is the same as st-ord-convergence. By [7,theorem 3.10] , in σ-order complete and σ-laterally complete Riesz space, (x n ) is uo-Cauchy iff it is order convergent. So, for Riesz space E with the property, (x n ) is st-uo-Cauchy iff it is st-ord-convergent.
The condition of order bounded is too strong, we have weaker condition.
Definition 3.10. Let E be a Riesz space and (x n ) be a sequence in E. Then (x n ) is statistically order bounded if there exists an order interval
It is clear that an order bounded sequence is statistically order bounded, but the converse does not hold in general.
Example 3.11. In l ∞ , let (e n ) be the unit vectors, and
(x n ) is statistically order bounded sequence, but it is not order bounded.
Proposition 3.12. Let (x n ) be statistically order bounded sequence in Riesz space E and x n st−uo
Proof. Since x n st−uo − −− → x, therefore, x n uo − → x for a.a.n. And since (x n ) is statistically order bounded sequence, then there exists u ∈ E + such st |x n | ≤ u for a.a.n, then fix the u, we have
Next, we introduce a useful conclusion. Proposition 3.14. Let E be a Riesz space; (x n ), (y n ) and (z n ) be sequences in E such that x n ≤ y n ≤ z n for all n ∈ K ⊂ N with Proof. The proof is similar to [11, theorem 7] .
The st-uo-convergence preverse disjoint property. Now, we describe KB space by statistical unbounded order convergence. Definition 3.16. A sequence (x n ) is said to be statistical unbounded order Cauchy, if the sequence (x n − x m ) st-uo-converges to 0. Definition 3.17. Let E be a Banach space and (x n ) be a sequence in E. Then (x n ) is statistically norm bounded if for any C ∈ R + there exists a λ > 0 such that δ{n ∈ N : λx n > C} = 0.
It is clear that an norm bounded sequence is statistically norm bounded, but the converse does not hold in general.
Example 3.18. In example 3.11, (x n ) is statistically norm bounded sequence, but it is not norm bounded.
(2) ⇒ (3): Obviously; (3) ⇒ (2): Assume that E is not KB space, then E contains a sublattice lattice isomorphic to c 0 . Let (x n ) be a sequence in c 0 , and
(x n ) is statistically norm bounded and st-uo-Cauchy sequence in E but it is not st-uo-convergent, so we have the conclusion. Now, we study order continuous Banach lattices by st-uo-convergence.
Definition 3.20. Let E be a Banach space, E is said to have the property A if any norm bounded sequence in E is weakly convergent to zero, which is a subsequence of a statistically norm bounded and st-w-null sequence.
Definition 3.21. Let E be a Banach space, E is said to have the dual property A if any norm bounded sequence in E ′ is weakly star convergent to zero, which is a subsequence of a statistically norm bounded and st-w * -null sequence. Now, we study the statistical unbounded convergence in Banach lattice. It is similar to [8, 10, 13] , we introduce some new convergences in Banach lattices. Definition 4.1. A sequence (x n ) in Banach lattice E is statistically unbounded norm convergent to x ∈ E provided that δ{n ∈ N : |x n − x| ∧ u ≥ ǫ} = 0 for all ǫ > 0 and u ∈ E + . We write x n st−un −−−→ x. We call x the statistical unbounded norm limit of (x n ).
Definition 4.2.
A sequence (x n ) in Banach lattice E is statistically unbounded absolute weak convergent to x ∈ E provided that δ{n ∈ N : f (|x n − x| ∧ u) ≥ ǫ} = 0 for all ǫ > 0, f ∈ E ′ + and u ∈ E + .we write x n st−uaw − −−− → x. We call x the statistical unbounded absolute weak limit of (x n ). Definition 4.3. A sequence (x ′ n ) in dual Banach lattice E is statistically unbounded absolute weak star convergent to
we write x n st−uaw * − −−−− → x. We call x ′ the statistical unbounded absolute weak star limit of (x ′ n ). We have the following results. The proof is similar to lemma 3.2.
In general, any subsequence of a convergent sequence is convergent, but it does not hold for st-un-convergence, st-uaw-convergence and st-uaw * -convergence.
. and
2 n x n , ortherwise.
(y n ) is statistical unbounded norm(absolute weak, absolute weak star) convergent to zero, but (x k 2 ) does not.
Norm(weak, weak star) convergence is statistical norm(weak, weak star) convergence, similarily, un(uaw, uaw * )-convergence implies stun(uaw, uaw * )-convergence, but the converse does not hold.
Example 4.7. In example 4.5, (y n ) is st-un(uaw, uaw * )-convergent, but it is not un(uaw, uaw * )-convergent.
Question 4.8. In which conditions, the st-un(uaw, uaw * )-convergence implies un(uaw, uaw * )-convergence?
In fact, st-un(uaw, uaw * )-convergence is different with un(uaw, uaw * )-convergence on a index set which has zero density.
It is similar to lemma 3.6 and proposition 3.7, we have the following conclusions.
Lemma 4.9. Let E be a Riesz space and (x n ) be a sequence in E. Then (x n ) is st-un(uaw, uaw * )-convergent to x ∈ E if and only if there is another sequence (y n ) such that x n = y n for a.a.n and which is un(uaw, uaw * )-convergent to the same limit x.
Proposition 4.10. If (x n ) is monotone, then un-convergence and stun-convergence agree.
Proof. (1): if a sequence (x n ) in a Banach lattice E is monotone and unbounded norm converget to x ∈ E, then x = sup n∈N x n . By [4, proposition (3) ], every monotone convergent sequence has supremum which is the limit of norm convergence. Now, assume that 0 ≤ x n ↑ and x n un − → x. Since (|x n | ∧ u) is increasing sequence and convergent to x for all u ∈ E + , hence x = sup n∈N x n .
(2): if a sequence (x n ) in a Banach lattice E is monotone and statistical unbounded norm converget to x ∈ E, then x = sup n∈N x n .
The proof is similar to proposition 3.7. (3): if (x n ) is monotone, then st-un-convergence implies un-convergence. Let (k j ) j∈N be a strictly incareasing sequence of natural numbers so that x k j un − → x. Let any ǫ > 0, u ∈ E + , choose a natural number j 0 such that |x j 0 − x| ∧ u < ǫ. Then, for any n > k j 0 , we have
Proposition 4.11. If (x n ) is monotone, then uaw-convergence and st-uaw-convergence agree.
Proposition 4.12. If (x n ) is monotone, then uaw * -convergence and st-uaw * -convergence agree.
The proofs are similar to proposition 4.10.
Lemma 4.13. In an order continuous Banach lattice, st-uo-convergence implies st-un-convergence.
Proof. By [8, proposition 2.5] , in order continuous Banach lattice, uoconvergence implies un-convergence, hence st-uo-convergence implies st-un-convergence.
Corollary 4.14. In an order continuous Banach lattice, every disjoint sequence is st-un-convergent to zero.
Proof. By lemma 3.13, disjoint sequence is st-uo-null, hence for every disjoint sequence in order continuous Banach lattice E, it is st-unnull. Proposition 4.22. Let E be a Banach lattice with strong order unit, then (x n ) in E is st-norm convergence if and only if it is st-un-convergence.
Proof. By [9, theorem 2.3] , when E has strong order unit, the untopology agrees with norm topology, so we have the conclusion.
It is analogous to [10] , we create the equivalent conditions with order continuous and reflexive Banach lattices by statistical unbounded absolute weak convergence. Proof. Since AM-space and atomic Banach lattice with order continuous norm has lattice operation weakly sequence continuous property, so st-w-convergence implies st-uaw-convergence. For the reverse, the dual space of AM-space is AL-space which is order continuous, hence st-uaw-convergence implies st-w-convergence. Proof. The proof is similar to theorem 4.24.
Theorem 4.27. For Banach lattice E. The following are equivalent:
(1): E is reflexive;
(2): every statistically norm bounded st-uaw-Cauchy sequence in E is statistical weakly convergent.
(3): every statistically norm bounded st-un-Cauchy sequence in E is statistical weakly convergent.
(4): every statistically norm bounded st-uo-Cauchy sequence in E is statistical weakly convergent.
Proof. (1) ⇒ (2): Since E is reflexive, then E and E ′ are KB space, so we have every statistically norm bounded st-uaw-Cauchy sequence in E is statistical weakly Cauchy. Since E is KB-space, so it is statistical weakly convergent.
(2) ⇒ (1): We show that E contains no lattice copies of c 0 or l 1 . Suppose that E contains a sublattice isomorphic to l 1 . The (x n ) of l 1 which is in example 3.3, it is st-uaw convergent to zero and statistically norm bounded but it is not statistical weakly convergence. Suppose that E contains a sublattice isomorphic to c 0 , the (x n ) of c 0 which is in the proof of theorem 3.19, it is st-uaw-Cauchy sequence, but it is not weakly convergence. So we have the conclusion.
(2) ⇒ (3): Since un-convergence implies uaw-convergence, so we have the conclusion.
(3) ⇒ (1): E contains no sublattice isomorphic to c 0 or l 1 , the proof is similarily to (2) ⇒ (1).
(1) ⇔ (4): the proof is similarily to (1) ⇔ (2).
